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MOTION OF CONTROLLABLE MECHANICAL SYSTEMS WITH SERVO-CONSTRAINTS*

&.G. RZIZOV

Some special features in the dynamics of systems with servo-constraints
/1/, due to the fact that such constraints are non-ideal and
disengageable, are studied. A constructive method is proposed to justify
the axiom of ideal constraints for kinematically controllahle systems and
the principle of reduction of conditional to real constraints. The
method is based on the general theory of motion of systems with non-ideal
constraints, as developed in /2, 3/ as it applies to systems with
friction. Eguations which enable one to stabilize motions relative to
the manifold dJetermined by the ssrvo-constraints are dJdeveloped and
analysed.

Beghin's theory /1/ is developed and subjected to a critcal analysis
in /4-7/. The special freatures of the analytical treatment of systems
with servo-constraints and systems with conditional constraints were
analysed in /8/. However, owing to the different treatment of the
reaction forces in servo-constraints and the lack of a rigorous
justification of the principle of reduction of conditional to real
constraints, the question of whether there is a more intimate connection
between the two theories remained open. The method proposed here enables
one to establish conditions under which the theories of /1, 4/ are
compatible and to describe the dynamics of systems with servo-constraints
with due allowance for the parametric disengagement of such constraints

797.
1. We consider a mechanical system whose state, taking into account ideal holonomic con=
straints of the first kind /1/, is determined by coordinates gq;(i==1,2,..., n). Suppose that

the system is subjected to prescribed forces @, and that its motion is limited by compatible
and independent constraints, some of which are geometric:

falgp ) =0 (las=Cha=14,2,...,4 (1.1)
and some kinematic (not necessarily linear):
P @ugHD=0 el p=1,2,...0) (1.2)
The possible displacements permitted by the constraints are determined by a4+ 4 in-

dependent relations /9/

™ n
afy ik .
E 91, 8g; =0, 2 8g, =0

i=1 i=1

and the manifold of admissible states of the system may be expressed as
q; = a4 (qja t), ‘Ii. = by (g5, Ps» t) (ai &= Cza b & Cl) (13)
where ¢;{i=1,2,...,p) are independent Lagrangian coordinates and p,{s =1,2,...,7) in-

dependent velocity parameters. Under these conditions the variations of the coordinates, g,
can be expressed in terms of arbitrary guantities &n, as follows: :

T

et us assume that the first ¢ of the constraints {1.1) and the first d of the constraints
{1.2) are of the first kind. Denoting the reaction forces of the constraints of the first kind
by N; and those of the servo-constraints by @;,we can express the resultant reactions as
Ry =N, + @, For systems with non-ideal constraints,
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S Ridgy =10 (1.9
i=1

and this is true for any possible displacements.
We shall assume that the manifold of admissible states of the system generated by the
servo-constraints only is expressed as

7 = a* (g, 1)y @ = b* (s P B) (1.5)
@a*=Cyb¥eCipn=142,..,kv=14,2,...,m

and that the constraints of the first kind are ideal. It then follows from {1.4) that
n
EJ ©:8q: =1 (1.6)
izt

for any possible displacement, and the reaction forces of the servo-constraints can be resolved
uniguely into components ®;* and @ such that the left-hand side of the equality vanishes

for ;" while the quantities @;"6¢ are admissible displacements. In this situation
b L
n .l Pg T ab;*
O = L ha aq + >_}p gt D= Y T a.n
[y | p==d+1 V=1

where A, and pg are undetermined Lagrange multipliers, and u, certain coefficients of
proportionality.
The motion of the system is described by the equations

————.————=Q,+N4+<Dg {1.8)

in which the kinetic energy T is constituted without allowing for the constraints {1.1) and
{1.2), and the generalized reaction forces of the constraints have the following structure:

M= ZX“ 3, +Z Mo 5, aq 9

=1

o= Sndes i Su

a==ed] Vaxl

Along with the general Egs.(1.8), in any consideration of systems with servo-constraints
the equations of motion must also reflect the specific physical realization of the system. Let
us consider one such system, which occurs not infrequently in applications /1/.

2. The possibility of interpreting conditional constraints (servo-constraints) as real
constraints is known as the principle of reduction of conditional to real constraints /4/.
The use of this principle involves incorporating in the system certain conditions, dictating
that the reactions of the constraints equal zero. Through a specific example, it was shown
in /8/ that the application of this principle to the solution of Beghin's problem leads to a
contradictory conclusion. Below we shall clarify the reasons for this contradiction and
establish conditions under which the theories in /1, 4/ can be reconciled.

Following Beghin, we shall assume that a system subject to e+ fle=a—¢, f=b—d)
servo-constraint relations can be split inte two parts, T and 3,, such that I is not subject
to any reactions of constraints of the second kind other than the reactions of I,. Let us
assume that the position of system X,, which is subject to the servo-constraint reaction forces

@, is defined by coordinates g“fﬁ 1,2,...,n—10) from the complete set ¢; (i=1,2,..., 1)
Then the motion of system I will be described by the first I equations of system {(1.8), in
which we must substitute @; =0 (i=1,2,...,1). Associated with these equations, as in the

case of /1/, are the constraints {1.1) and (1.2). The problem of the motion of the system is
well defined if the number of servo-constraints equals the number rn — ! of parameters deter-
mining the position of system I,

To determine the servo-constraint reaction forces ®; (i=1+41,1-+2,...,n) one uses the
remaining .n — ! equations of system (1.8). These are considered together with the relations
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a [ ki
- af ~1 dp ab.*
A LA > L Uy~ == {3 2.
Y gt Ymg ¥ T, 21
a=c+1 p=d+1 V=l

which follow from the condition that the generalized reaction forces of the servo-constraints,
referred to the coordinates ¢; (i=1,2,..., 1), must vanish.

Consequently, in the case of the systems under consideration the principle of reduction
of conditional to real constraints is equivalent to the usual method of incorporating the
constraints and subsequently adding conditions (2.1}, according to which the reaction forces
of the servo-constraints, referred to system L, must vanish.

We shall show that the proposed method for investigating systems with servo-constraints
enables one to find the conditions under which the theories of /1, 4/ can be reconciled.
Indeed, the kinetic energy in Egs.(1.8) does not involve the constraints {(1.1) and (1.2). It

may therefore be expressed as
T = (Z)+ T (£

where I'(Z) and 7 (Z,) are the kinetic energies of systems £ and %,, respectively. Since
only T (Z) depends on the coordinates g¢;(i=1, 2,...,1). Egs.{1.8) yield a system of equations

-ETTQ;.—*'—“‘*EI“‘“Q,"F—;"\«"i (521,2,‘..,” (’23)

i

to which cone adds relations (1.1) and (1.2), if one is not interested in the reaction forces
of the servo-constraints. Introducing the notation gy = v (x=1,2,...,n—1) and writing
the equations of the constraints as
felgv, H=0(@=12,. .. a i=1,2...,0 2.3
@ (@i 05, v oLt} =0 B=12.. b x=1,2...,n—1

we obtain parametric constraints, which differ from those considered in /10/ in that the func-
tions ¢ also involve the derivatives of the parameters v, {y=1,2,...,n 0.

Egs.(2.2), together with the constraints (2.3), comprise a b+ 1 equations in ¢ 4 d +
r unknowns. The problem will be well-defined if the number of parameters vy is the same as
the number e-f of servo-constraints. To determine the reaction forces of the servo-con-
straints applied to system X, one uses the remaining equations of (1.8), considered together
with relations {2.1).

Remark 1. Xirgetov /10/, considering a controllable system T with constraints (2.3},
postulates the D'Alembert-Lagrange principle in the form

I

a orT(z) T ()
PN e e L L "
Ay

valid for any possible displacement determined by the conditions

4

{

—y 8f aq,

> e b =0 \1 aq? bg;=0 (x=1,2,...,¢f=1,2,...,4d (2.5)
321 2 i=1

This makes it possible to derive the equations of motion in the form of (2.2). The latter are
considered in conjunction with constraints (2.3), among which there are e geometric and f
kinematic servo-constraints. Since these constraints are reduced in /4/ to real constraints,
one must consider conditions {2.5) together with the relations

i H

S‘!—a&i& =0 S"ﬁ?—aq.zo (2.6)
Zd Og; W= 778, 1

i=1 i=1

(@=cdt,ed2 . ne B=d+f d+2,...0

The equations of motion in the form (2.2) can be derived from (2.4), on the assumption
that conditions (2.5) and (2.6) are satisfied, if and only if conditions (2.1) are satisfied.
From the point of view of Beghin's theory, the total work {in the entire system) of the
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servo-constraint reaction forces over the possible displacements vanishes if one puts 8q;, =
0= 14+14,14+2..,n in (1.6). When that is done, Egs.({2.2) with conditions (1.1) and (1.2)
are derivable from the general theory if and only if conditions (2.1) are satisfied.

It follows that conditions (2.1) are necessary and sufficient for the conclusions of the
theories of /1/ and /4/ to be identical.

Remark 2. 1In the absence of parametric contact constraints in Egs.(2.2), one must put
Ni=0 and add e f servo-constraints.

3. Along with the equations of the servo-constraints in systems (1.1) and (1.2), we must
also consider the relations

by (@ ) =my (v=1,2,...,¢) (3.1)
Qoo (05,0 )=C (p=1,2,...,f)

where 1y and {, are parameters characterizing the continuous disengagement of the system from
the geometric and kinematic constraints. With this parametric disengagement /9/, the deviations
in the system are essentially represented by the left-hand sides of the servo-constraints,
evaluated for real motion /12/, and instead of (1.5) one obtains the following representation
for the manifold of admissible states:

q; = Ai* (qp,y Nyy t) (Ai* = Cl)
ql. = Bi* (q“v Mys Pve ;Dv nV'v t) (Bl* = Cl)

where substituting mn, =1, = {, =0 yields Egs.(1.5), which describe the manifold of admiss-
ible states of the system prior to disengagement.

To incorporate the ¢ geometric and d kinematic constraints of the first kind in systems
{1.1) and (1.2), we transform them to the variables defining the manifold (3.2) and assume
that the geometric constraints thus obtained may be solved for the variables gpi1, Qps2s - - .- G
and the kinematic constraints for the variables p..;, Prig, - - -+ Pm.

The manifold of admissible states of the system is defined by equations

e A (g5 ) t) . 43)
4" = Bi (@5 M Dsy Bos > 8)

in which case the variations of the coordinates §g; are expressed in terms of arbitrary
variations 8n,, 80,, 61, as follows:

f e
B, "y 9B, °y 4B, '
8q; = TN O ;- }_JWGGD + /"f Wénv 3.4)
N p=x Y=

S=1

As we know /8, the D'Alembert-Lagrange principle for systems with servo-constraints can
be written as

where the variations are related by conditions admissible by constraints of the first kind.
If allowance is made for the relations

O ) 9%
ZT?&],- = 61’]-v, L'T:p éqi = 60p

i=1 =1

then the total work of the servo-constraint reaction forces may be reduced to a form enabling
us to write Eqg.(3.5) as follows:

n e f
\1/ 4 T aT
2 (T Ba; T ag, Qi— ‘I’i") 8q; = E Aesabna + E Baspdog

i=1 =3} =1

Replacing §8g; by their values (3.4), we obtain a system of differential equations which,
by introducing the acceleration energy S, evaluated in accordance with (3.3), can be transformed
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to
7 aB & 4B
s R : W) . L
P =02+ 02 Q7= Y g, P =Y dr (3:6)
8 i=1 N i=1 5
H n
a8 B, aB.
= Qo™ + D + Aewgy, Qo = 201 Tn;_ , PN = Z(D{‘ - i
« =1 =1 *
s s 0B " aB
N .l i i
T Qpt + gt + pasp,  Qpt = LQ,' _agl , @t = 2 ®;° N
B i==1 B i=1 B
Together with the kinematic relations (3.3), these equations can be used to determine
the unknowns p,, ¢;, Mo, L. The control parameters in these equations are Aci, Acey ..o Al Pdits
Ka+2y - ¢ o9 Kpy Uy Ugy o o oy Um.

For the systems considered in Sect.2, these equations must be taken together with con-
ditions (2.1).

Remark 3. Introducing the notation

Ny = Uy b = Yerpr My = Ygay
'ﬂ"v = VV’ ;p- = Ve+p @=e¢e+ 1

we obtain a system /11/
y = Ay + BV (3.7)

This system, which describes the deviation of the motion from the servo-constraints, is
completely controllable /13/, and one can always find controls of the form V=V (y), V(0) = 0,
which stabilize the trivial solution of the equations

y = Ay+ BV, yO =y

Considering this system in conjunction with Egs.(3.6), one can determine servo-constraint
reaction forces that stabilize the motion relative to the manifold defined by the servo-con-
straints, as well as equations whose limiting values correspond to the motion of the system
dictated by these conditions.

4. As examples of the application of our method to the investigation of systems with
servo-constraints, we consider some problems of Beghin.

Ezample 1. Retaining all the notation of /1, Sect.l7/, consider the motion of a plate T
attached by a hinge to a circular disk I,.
Confining our attention first to the case in which the servo-constraints
o—p—mn/i2=0 (4.1)

are satisfied exactly, and assuming that the variations of the coordinates are such that
and that all conditions of Remark 2 are satisfied, we have

T=T(2)+T(Ex)=%{M [RPo? - (b2 - k%) B2 4
2bRa’p’ cos (@ — BY] + Ia?}, @, = — RFsina
Qp = —aF sinf, Qa“:—(DB":K, CDatz(Dﬂ‘:u

The equations of motion (1.8), together with condition (2.1), which imply A=1u, lead
to the system

M [(b2 + k%) B — bkB') - aF sin f = 0

[M (6® - k2+ R+ L] p~ + F(asin P+ R cos p) = 2u (4.2)

Remark 4. 1In the framework of the theory of /10/, the general equation of the dynamics
of the system involves only prescribed forces. Therefore, the derivation of Egs.(7.5) in /4/,
based on incorporating in the prescribed force @, a parameter u characterizing the reaction,
lacks a rigorous basis. Application of the theory of /4/ to solve this problem involves the
introduction of a parametric contact constraint, such as an equation expressing the condition
that a servo-motor /1/ is coupled with the disk T, .

Let us assume now that the initial conditions of the system are incompatible with Eq.(4.1)
and it is required to solve the problem of stabilizing the motion relative to this manifold.

Using the relations
a=z+n+a/2, p==z
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which identically satisfy the condition
a—p—nl2=1

we introduce independent codrdinates £ and 7, in terms of which we express the general
equation of the dynamics of the system:

d or aT d
(i s — o — 0a — 00+ (5 — g — 0= @y7) 88 =a0m

The result is a system of equations which, in conjunction with the equation
=), VO,0=0 n@)=n, n0)=n" %3

whose trivial solution is asymptotically stable, can be written as

[M (b + k*+ R* — 2bRsiny) + )1 B~ + [MR (R — bsiny) + L]V (n,n) — (4.4
MbRY (0’ + 2B) cosn + Flasinp+ Rcos(p+ n)=2u
[MR (R — bsinn) + 1] B~ + (MR2+ 1) V (n, ') + MbRf?cosn + RFcos (B +
n) = 2u

Egs.(4.3) and (4.4) enable one to determine the motion of the system, as well as a servo-
constraint reaction force @, which stabilizes the motion relative to the manifold defined by
the servo-constraint (4.1). 1In that case letting 5 -0 in Egs.(4.4) we obtain a limiting
system which can be reduced to the form of (4.2).

Example 2. Consider the problem of a homogeneous sphere of radius R sliding without
friction over a material plane P. Retaining all the notation of /1, Sect.2l/, let us assume
that the plane P, upon which the reaction forces of the servo-constraints are acting, is of
mass m, and the Fuler kinematic equations are given by

p =0 cosyp -+ ¢ sinpsin
g=10siny — ¢ cos{psin®
r=v 4+ ¢ cosO

The system, which is moving subject to constraints of the first kind

' —u' — R (B siny - ¢ cosPsinB) =0

W — v -+ R (8 cost -+ ¢ sinpsin 6) = 0 (4.5)
must be subjected to the servo-constraints
Fton=0 n—oef=0 (4.6)

Let us construct the equations of motion and determine the structure of the servo-con-
straint reaction forces that stabilize the motion relative to the manifold defined by (4.6).
The acceleration energy of the system is

§=5(2)+ SE) =M E2+ 07 + Yl (02 + g2+ Y + Ypm 271+ )
(4 = 2/, MR

Using (1.8) to determine the components of the servo-constraint reaction forces and noting
that by (2.1) the reaction forces referred to the coordinates of system I must vanish, we
deduce that the only non-zero components are @, = @, ©, = @,%

Considering the equations

. Eton=10, n"—ot=1§ (4.7)
we use the relations

V=L~ =10+ ot
0"= R~ {(p, — L, — wb) cosp + (¢ — P1 — 1) sin§]
Y= Rtetg 6 [(p, — L — ob) sing + (§ — p; — wn) cos ] + r
@ = (Rsin0) [(p; — L, — 0f) sin - (1 — & 1 @n) cos ]

u=p, v=p

(4.8)

which identically satisfy conditions (4.5) and (4.7), to introduce velocity parameters g, &, p:,
Pay T Transforming the acceleration energy to these variables, we obtain

=M A& — o (L4 oYPF + (5" + o (& — on)P} 4+ (G — py" —
oL+ )P+ i — & — o (& — e+ R + Yym (py % + pa'®)
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Writing the equations of motion in the form {3.6) and adding the equations

G =V (&), V(0 =0, O =17§° (4.9)
L= Va(l), ¥T2(0)=0, L) =¢°

whose trivial solution is asymptotically stable, we obtain the system

Py~ 7//5 “”1 (C}.) - 0 (gz -+ “’g)] = 0 4.10)
P~ IV {l) + 0 (L — o] =0

M+ g} [V (§) — o (L + ob)] = ®,°

(M + Tym) [V, (L) + @ (5 — on)] = 3

Egs.(4.9)and (4.10), in conjunction with the kinematic relations (4.8), determine the
motion of the system and the reaction forces of the servo-constraints. Letting § —0, {,—0
in Egs.(4.10) and (4.8) we obtain a limiting system corresponding to the satisfaction of the
servo-constraint relations (4.6).
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